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Solvable vertex models in statistical mechanics give rise to soliton cellular
automata at ¢=0 in a ferromagnetic regime. By means of the crystal base
theory we study a class of such automata associated with non-exceptional quan-
tum affine algebras U(§,). Let B, be the crystal of the U(§,)-module corre-
sponding to the /-fold symmetric fusion of the vector representation. For any
crystal of the form B=B,® - ®B,,, we prove that the combinatorial R
matrix B;® B = B® B,, is factorized into a product of Weyl group operators
in a certain domain if M is sufficiently large. It implies the factorization of
certain transfer matrix at ¢ = 0, hence the time evolution in the associated cellular
automata. The result generalizes the ball-moving algorithm in the box-ball
systems.

KEY WORDS: Quantum integrable systems; quantum groups; crystal bases;
soliton cellular automata.

1. INTRODUCTION

The box-ball systems®*27) are important examples of soliton cellular
automata. They are discrete dynamical systems whose time evolution is
expressed as a certain motion of balls along the one dimensional array of
boxes. Their integrability has been understood by the ultradiscretization®®
of classical integrable systems (soliton equations). In the recent works(® >4
it was revealed that the box-ball systems may also be viewed as quantum
integrable systems at ¢ =0. Here by quantum integrable systems we mean
the ones whose integrability is guaranteed by the Yang-Baxter equation,”
and ¢ is the deformation parameter in the relevant quantum group. In fact,
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the box-ball systems are identified with a ¢ — 0 limit of some two-dimen-
sional solvable vertex models, where the role of time evolution is played by
the action of a row transfer matrix. The simplest example is the original
Takahashi-Satsuma automaton,®® whose classical origin is the discrete
Lotka—Volterra equation® and the quantum origin is the fusion six-vertex
model. Here is an example of the automaton time evolution.

- 1112211211111111 - -+
--1111122121111111 - -~
- 1111111212211111 - -
- 1111111121122111 - - -

One regards 1 as an empty box and 2 as a box containing a ball. At each
time step one moves every ball once starting from the leftmost one. The
rule is that the ball goes to the nearest right empty box. One easily finds
that the sequence of / balls propagate stably to the right with velocity /
unless it interacts with other balls. By regarding such patterns as (ultra-
discrete) solitons, the above figure illustrates how the larger soliton over-
takes the smaller one with a phase shift.

In terms of the fusion six vertex model at ¢=0, the above figure
corresponds to the configuration:

2 2 1 1 2 1 1 1 1 1

T 112122 112 1T 2 T T T -1

1 1 2 2 1 2 1 1 1 1

T 1124122 112 122 T2 T -1

1 1 1 1 2 1 2 2 1 1

TR T T T 124 1 2 122 11211

1 1 1 1 1 2 1 1 2 2

The left and right boundaries are to be understood as 1 or 111 everywhere.
This is a configuration of the fusion six vertex model in which the quantum
space is spin 1/2 (1 or 2) and the auxiliary space is spin 3/2 (111, 112, 122
or 222). At ¢=0 only some selected vertex configurations have non-zero
Boltzmann weights and the transfer matrix yields a deterministic evolution
of the spins on one row to another. The vertex configurations in the above
figure are the non-zero ones, and form an example of the combinatorial
(¢ =0) R matrix, which will be a main subject in this paper. Let T, denote
the row transfer matrix at ¢ =0 corresponding to the spin M/2 auxiliary
space. The above example corresponds to 75. Actually it can be shown that
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the ball-moving algorithm coincides with the action of T, with sufficiently
large M. In the above example T',,= T holds for any M > 2.

The coincidence of the ultradiscrete limit of soliton equations and the
qg— 0 limit of vertex models is an interesting phenomenon in various
respects. From a statistical mechanical point of view, it roughly means that
in those solvable vertex models, the profile of low-lying excitations over the
ferromagnetic ground state at ¢=0 admits an exact description by
(ultradiscrete) soliton equations. From a mathematical point of view it
leads to a systematic generalization® by means of the quantum affine
algebras and the crystal base theory.('® See Section 4 of the reference® for
several examples of the scattering of ultradiscrete solitons.

Now we turn to a general setting, where the six vertex model is
replaced with a solvable vertex model associated with the quantum affine
algebra U/(§,). In this paper we treat the non-exceptional case §,=A4.",
A, A(zi), B, ¢V, DV and D) . The box-ball systems correspond
to® §,=4". The Boltzmann weights are trigonometric functions satisfy-
ing the Yang—Baxter equation. The row transfer matrix is speciﬁed by the
auxiliary space V,, and the quantum space --- ® V,® V, ., ® . Here
V,, denotes the M-fold symmetric fusion of the vector representatlon We
suppose a ferromagnetic boundary condition, namely, the spins in the dis-
tance |j| >> 1 are all equal to some prescribed element in V,j . At ¢=0 the
transfer matrix yields a deterministic evolution of the spins on one row to
another.

To analyze such a situation we invoke the crystal base theory.!'® Let
B, be the crystal of V. It is a finite set listed in Appendix A endowed with
the action of Kashiwara operators ¢, /;: B,— B,u {0} for 0<i<n. Let
0, a] e B, be the special element as in ( ). The states in the automaton
are the elements - ®b ®bj+1 ® - ®B, ®Bl ® --- obeying the
boundary condltlon b; (5,[ak] | >>1 Here ak is spec1ﬁed in Table II
with (11), and keZ is a label of the boundary condition at our disposal.
Let T,, denote the ¢ =0 transfer matrix, or Mth time evolution in the
automaton; T, : --- ®B1j®Blj+1® e o e ®B,j®B,/_+l® --.. The map
Tyl ®@b;®b; 1@ ---)=--- @b;®b;, 1 ® --- is induced by the iso-
morphism of crystals R: B;,® B~ B® B,, with B= ... ®B,j®Ble®
according to (32). We call R the combinatorial R matrix. 1t is obtained by
successive applications of the elementary ones B, ® B; = B, ® By, The
bounddry condition matches the known properties like 5 Ml ak] ®5,[ak]
=0 j [a,1® Il ar]. When M gets large, T,, stabilizes to a certain’ map,
which we denote by T. In the box-ball system terminology (§,= A" case),
this corresponds to the boxes with inhomogeneous capacities {/;} and the
carrier with infinite capacity.
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The main result of this note is Theorem 2, which states that the
isomorphism R : B,,® B~ B® B,, with B= B, ®- - ® B,N is expressed as
=(og®a)PS;, ---S;, S,

beta’ ey2 byl

in the domain B,,[a,] ® B< B,,® B (12) if M is sufficiently large. Here S;
is the Weyl group operator™ (4) acting on B,,® B. P(u®v) =v @ u is the
transposition, ¢ and oy are the operators corresponding to the Dynkin
diagram automorphism described around Proposition 1. The above result

on R reveals the factorization of the time evolution in the automaton:
(Corollary 14)

T=0zS; ---8S;

ieta’ B2 ey

where S; here is the one acting on --- ®B,j®B,j_H® --+. See the explana-
tion after Corollary 14. Such a decomposition is by no means evident from
the defining relation (32). Note that 7 is a translation in the sense that the
product or; ---r;  (r;is a simple reflection) is so in the extended affine
Weyl group, if ¢ is interpreted as the Diagram automorphism acting on the
weight lattice. According to the factorization, one can consider a finer time
evolution 7, (33) that includes the original one as Iy, 4,=T"' (1=0). For
d,= A, the change from 7,,(p) to 7, .(p) agrees with the original ball-
moving algorithm in the box-ball systems, where one touches only the balls
with a fixed color. In particular when V/;=1, our Definition 11 provides a
representation theoretical interpretation of the earlier observation.® For
§,#AY, the automaton corresponding to V/,=1 with a,=1 has been
introduced previously.® The formula (33) in principle provides a simple
algorithm to compute the refined time evolution for general /; and a; in an
analogous way to the ball-moving procedure for the 4{" case. The data
deZ ., and i, e[ are specified in Table II. Curiously, they have stemmed
from the study®2” of Demazure crystals.'¥) It will be interesting to
investigate the present result in the light of the works.(® 16.17.20.22,23)

2. CRYSTALS

Let §,=A) (n=1), A5 | (n=3), AS) (n=2), BY (n=3), CV
(n=2), D'V (n>4) and D{), (n>2). For each §, and /e Z . ,, the U(§,)
crystal B, has been constructed(10 12) except for C" with / odd. As for C(”
B, here is B’ in the paper.” The finite set B, ‘and the actions of & e f,
B,— B,u {0} for ie[={0, 1,..,n} (crystal structure) have been defined.
We employ the same notation as'”!? and quote the set B, in Appendix A.

In particular for §,# A", we will always assume the convention
X,=X;, X,=x;,, a=i if a=i, 1<i<n

a
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Let us recall some other notations and the tensor product rule.
i(b)=max{j| Fib#0},  &(b)=max{j|&/b+0}

For two crystals B and B’, the tensor product B&® B’ is deﬁrled as the set
B®B ={b,®b, | b,eB, b,e B’} with the actions of &; and f; specified by

¢b,®b, it @;(by) =e:(by)
NSO Lo it ) <et) "
Jibi®by if @i(by) >e;(by)
b,®b . 2
Jibi®b:)= {b ®Fbs il ilby)<s,(b) 2
Here 0® b and b ® 0 are understood to be 0. Consequently one has
Pi(by ®b;) = @;(by) + (¢,(by) —:(b3)) 4 3)

ei(by®by) =¢;(by) + (e:(by) —@;(by)) 4

where the symbol (x), is defined by (x)_, =max(x,0). The Weyl group
operator S,(iel) is defined by

Foib)—&(b) if @.(b)>
sl it ¢,(b) ()
e?i(b) (Pi(b)b lf (pl(b)g X
S; satisfies the Coxeter relations." For two crystals B and B', we let
P: B® B'— B'® B denote the transposition P(u® v) =v®u. It is easy to
check

S;P=PS, forany iel (5)

For two crystals of the form B=B,1® ®B,N and B’ =Bzi® e ®
By, the tensor products B® B’ and B’ ® B are isomorphic, i.e., they have
the same crystal structure. The isomorphism R: BQ B’ B'® B is called
the combinatorial R matrix.!? (In this paper we do not consider the
energy associated with R.) It is obtained by a successive application of the
elementary ones B, ® B, ~ Bl ® B,. We will use the same symbols ¢, f;, ¢;,
@, S;, P and R 1rrespect1ve of the crystals that they act.

Let A, denote a fundamental weight and let P,,= @ ,;.;ZA4; be the
classical weight lattice. (See Section 3.1 of the paper!V for a precise treat-
ment.) We define a linear map o: P, — P, as in the rightmost column of
Table L. It is a Dynkin diagram automorphism. When §,# C" (resp.
§,=C'V), it agrees with the one introduced after Corollary 4.6.3 of the
paper!V with B= B, (resp. B= B,,) for any L.
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Table I. The Data o’ and o

4, ¢' on B, gonP,
Aﬁl” a—>a—1 Ag—> Ay
AP lel Ao Ay
AQ id id
B lel Ay A,
c® id id
DV lol,neon Ay Ay, Ay A,
IS id id

We also let o act on the index set I by the rule i’ =o(i) < a(A4;) =4,
For A", the letters a, a— 1 should be interpreted mod n + 1.

We also introduce the data deZ ., and the sequences iy,..., i € and
dy,..., ay for each algebra as in Table II.

Here a;’s are taken from the letters appearing in the description of the
crystals B, in Appendix A. In the third and the fourth columns of Table II,
the symbols {{ ¢} and {{} mean that either the simultaneous upper choice
or the simultaneous lower choice are allowed.

Proposition 1. Forany/eZ_,theoperatorg’:=S; ---S,: B,— B,
is a bijection having the properties:

0'fi=foy0's  0'€=28H0

Table Il. The Data d, i,, and a,

4, d [ gses I Agyens Ay
AE}) n 1,2,..n 1,2,..,.n+1
AP, 2n—1 n—1,.,3,2, {?1(1,}, 2,3,..n fyery 3, 2, {1, 2,n—1,nn
AP 2n n—1,.,2,1,0,1,2,..n My 2,1, 1,2, m, 78
B 2n—1 n—1,.,3,2{%4}.23..n s 3, 2, {4}, 2o n— 1, m, 0
c 2n n—1,.,2,1,0,1,2,..n My 2, 1,1, 2,01, 70
DV -2 nn—22..,2{08} 2. n—2n mn—1,,2, {3, 2, n—1,7
D 2n n—1,.,2,1,0,1,2,..,n s 2, 1,1, 2, 1, 1
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Moreover, the action of ¢’ is explicitly given by the second column of
Table L.

The second column of Table I specifies the transformation of those
letters labeling the elements of B,. See Appendix A. For example in A
case, 0 ((X1,e Xpy1))=(X0500s X1, X;) In terms of the coordinates.
Similarly for A% |, 6" ((X{s Xps Koy X1)) = (15 Xpseeer Xy Xpperes Xy X1).
The proposition implies ¢’'S; = S,(;y0’, from which the alternative expression
SierSiSe-1ay +* So-1(; 1s available for any 0 <k <d due to S?=id. We
identify ¢ with ¢’, thereby extend the definition of its domain. Namely, we
also let ¢ act on B, for any [ via o= Sieor SuSe-1i)  Se-1iy- (We do
not exhibit /.) The result is independent of 0 <k <d and enjoys the proper-
ties af,= f,;)0, and 6¢,= &,y a. Proposition 1 was known® for some k.
For the tensor product crystal B=B, ® --- ® B, we write 6;=0® ---
®a: B— B, where o on the right side acts on each component B,j of the
tensor product according to the above rule =S, -+ S; So-105)+* So-135,)-
Obviously one has g, f;= fa(,)aB and 0¢;=¢,;,05 ON B therefore

03S;= 5,108 on B=B,®---®B, (6)
The combinatorial R matrix R: B® B’ 3 B’ ® B satisfies
RlozQop)=(0p®adz) R (7)

When acting on crystals, ¢ without an index shall always act on a single
crystal B; with some 1 B
For each ae {l,..n+1}(§,=A"), {1, n, A,y 1}(8, # AL), we set

ojlal=(x,=1,x,=0 for a' #a)e B, (8)

with the notation in Appendix A. Using the crystal structure explicitly one
easily finds

[ak]—Szk(5 Lar_1])= ( iLar—11) I<k<d 9)
ey = o,[a,] forany wueB, (10)
goik(él[ak—l]) =0

for any §,, where é™*p=¢%®p. In particular (9) implies J,[a,] =
g~ YJ,[ae]) due to Proposmon 1. Thus it is natural to extend the defini-
tion of i, eI and a; to all ke Z by

ixra=0""(iz), Oilaxal=0""(0,[ax]) (11)
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This way of extending the index k of «, is independent of /, and (9) also
persists for all ke Z. We have {a, | keZ} ={1,.,n+1} for §,=A4" and
{1, m, ., 1} for §,# AP,

In this paper we will concern some asymptotic domain of the crystal
B,, when M gets large. For ae{a, | keZ} and M >>1, we introduce the
“domain” By [a] < B,, by

— A

[d=>2

Bylal={(uysstty 1) €By |u,>>u, forany be{l,..,n+1}\{a}}
A

BM[a]z{(ul,..., ;)€ By (12)

U, — Uy, > Uy — Uy for any}
be{l,.,n}, b#aa

In the rest of the paper we will have assertions under the conditions like
cQu®c' eBR®By[a]® B with B and B of the form B=B, ® --- ® B, ,
B'=B,® --- ®By, (N, N'>0). The mathematically invalid “definition”
(12) should be understood that the associated assertions are valid on con-
dition that M >>1 and the inequalities in (12) are satisfied. Thus for
example it amounts to assuming the following:

&> ¢, on BRBla,_]1®B

¢ > on BR®Bla,]®B (13)
g (u®x)=¢;(u) for u®xeByla,]®B (14)
@, (x®@u)=¢, (u) for x®ueB® Byla] (15)
If u®x™~ y®v then u®xeBy[a]®B<y®veBR® B,[a]
(16)

In the above (13) can be checked by using the explicit formula”>!? for ¢,
and ¢;. Equations (14) and (15) follow directly from (13) and (3). By the
weight reason (16) is obvious. Moreover we may effectively treat as

Si(B&®Bylar_ 11®B)=BQByla,]® B (17)

for any ke Z.

3. COMBINATORIAL R MATRICES

Let B be any crystal of the form B=B, ® --- ® B, . Our goal in this
section is to prove
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Theorem 2. When M is sufficiently large, the combinatorial R
matrix giving the isomorphism R: B,,® B~ B® B, is expressed as

R=(0,®0)PS, ---S

td ey2 " g1

on Byla,]® Bc B,,® B for any ke Z.

Definition 3. Let B be any crystal of the form B=B, ® --- ® B, .
Given u®xe By [a,]®B and y®ve B&R B, [a,] we set

U @x" =8, ... S (u®x)eByla,]® B

yH vt = Sy Si(y®v) e B® Byl a]

for 0<k<d.

It should be noted that u'*”> for example is not defined solely from u
but only with the other element x.

It suffices to show Theorem 2 for £ =0. To see this, let u® x € B[ a,]
® B, 1<k<d and assume u®x = (63®0) PS, ---S;(u®x) under the
isomorphism B, ® B~ B® B,, with M sufficiently large. Multiplying
S; -+ S;, on the both sides and using (6), one gets

ulk>®xlk> g (JB®U) PSo—-l(ik)"'So——'(il)Sid"'S (u'k>®x|k>) (18)

e+l
In view of (11) and (17) this proves 1 <k <d case. To see it for the other
k, multiply (6”®c¢’;) on the left side and (¢’ ® ¢”) on the right side of
(18) for an integer m and use (6) and (7).

Henceforth we shall concentrate on the k£ =0 case of Theorem 2 in the
rest of this section. Suppose B [dq] ® Bo3u®x = y®ve BR Bylay]
under the isomorphism B,,® B~ B® B,, with M sufficiently large. Then
the assertion of Theorem 2 with k=0 is equivalent to

v=ou'® (19)

y=0gx'® (20)

We shall prove these relations separately. In our approach, (19) can be
verified directly for any choice B=B, ® --- ® B, . On the other hand, as
for (20), we first deal with N=1 case and derive N general case based
on it.
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Let us first treat (19).

Definition 4. For any crystal B we introduce
t:B— Z‘;O
bi—(ty(b),.... t4(b))
1(b) = @ (ER ... Emxp)

Here i,’s are those in Table II. it is easy to calculate ¢ explicitly for
B=B,. For the element b=(xy,..,x,,;) for A" (b=(x,,..,x;) for
3, # AWY), the result is summarized in

Lemma 5. The map . B,— Z% , has the form:

tb)=(x,,0r X1) for AV

X1, X1 | 2 = 2
= <x,,,..., X3, Xa, { _ > Xoees Xy for A(Zn)—l
X1, X1

X1, X
— - 1
_(xn’ > X15 Xos X1seens xnfl) fOI' CE‘I)
_ xlaxl = =
- xn+xn—17xn—2’ > X2, — > X2, axn—29xn—l+xn
X1, X1
for D
= = 2
= (2X, 4 X0, Xy 1ees X15 X gy X ey X 1) for D@,

See Appendix A for the notation x, in 45, C{" and x in D) . The

upper and lower choices correspond to those in Table II. From Lemma 5
we derive a useful fact.

Proposition 6. the map r: B,— Z< , is injective for any /e Z . ,.
>0 >
Lemma 7. Under Definition 3 one has
e, (W) =, WP @xk) 1<k<d (21)

Proof. Definition 3 tells u'*> ® x*> =Sl-k(u'k_1> ®@x*=1). Since
u* =P @x*""eByla,_1® B, this S; acts as
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u*> @ x> = g,;zkulk—w ®5?k’x|k—1>
q=e,(u* ") =@, (x ) — (@, () —e, (xT)) . (22)
¢ = (e, (D) =g ()
Thus we have ¢, (u") =¢, (u*~17) —¢ @ @, (P x|
For integers p, ¢ depending on M in general, we write p <g¢ to mean

p <gq or p—q= M-independent for M >> 1.

Lemma 8. Let ueB,[a,] =B, for sufficiently large M. For
(Croms €g) €Z%,, define u<® (0<k<d) by uh =ga M=oy k-1
(1<k<d) and u‘® =u. Suppose ¢ u) for all 1<;<d Then the
following hold for 1 <k < d:

JNJ(

@ () =1,(u) (23)
& (u) = ¢y (24)
tlou‘?) = ¢, (25)

Although u¢*> depends on ¢;’s, the right side of (23) is independent of
them. Actually (24) is trivial. The other relations in the lemma can be
verified with a direct calculation by using the crystal structure of B,,
Under Definition 3, Lemma 8 immediately leads to (1 <k <d)

@ (1) = 1,(u) (26)
@; (01 = 1,(v) (27)
&, (u"?) = t,(ou'?) (28)

The right sides of (26) and (27) are independent of x and y in Definition 3,
respectively.

Proof of (19). Suppose Bylay] ® Bau®x = y®ve BR Byl ag]
under the isomorphism B, ® B~ B® B,, with M sufficiently large. We
employ the notation in Definition 3. Applymg Si,_, -+ S; to the both sides
of uUQx S y®v, one gets u* PR x*- 3 y<1k ”®v<k U therefore

Py @K 1) =g, (p4 @), But
— - (1)
Py @) B

i (yF T @ueTl) =
3

kyy (28) d
£, () Z 1(oul®)

9,0 E 14(0)

L3

(15)

are valid for 1 <k <d, telling that #(v) = #(cu'”). Thus (19) follows from
Proposition 6. |
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Now we proceed to the proof of (20) with the simple choice B= B,.

Lemma 9. Suppose B, [aq] ® B;20y[a,]®z5 Qe B,®
B,/ a,] under the isomorphism B,, ® B,~ B,® B, with M sufficiently
large. Then we have #(ii) = t(z).

Proof. Define u'*> ® z*> by Definition 3 starting from ¥ ® z =u'> ®
219 =6§,,[a,] ®z. From (19) we already know that @i =ou'?. Thus we
have

~ (28) (21) _ -
(@) = t(ou®) P e, @) D g D @)
3) - — —
2 9, () (g ) =g (D))
(26)

= Qﬂzk( k= 1>)+(Zk(u)_3ik(zlk_l>))+

Note from the explicit forms in Lemma 5 that ,(u) =t,(d,,[ ao]) =0, from
which 7,(@) =, (z*~1) follows. In view of ¢, (u*"1) = 1, (u)=0
and (13), it also follows that z'* =¢&Px... &z, Therefore we conclude
@, (2%~ ) =1,(z) from Definition 4. ||

Lemma 10. Given y®ve B,® B,,[a,], set
(k) ® ) — pmax é?aX(y@) v)
for 0 <k <d. Then we have t(av“’)) =1(y).
Proof. Since y* =e&p™x... &7y, we have
&) = z& (v<’c D) = @y (pE=1) ke — 1>_~e () —1(3) e = 1)

Applying (25) we obtain #(ov?)=1(y). |

Proof of (20) for B=B,. Suppose By[a,]®B,2u®x~ yRve
B, e B,,[ a,] under the isomorphism B,,® B, ~ B,® B,, with M sufficiently
large. We employ the notation in Definition 3. Applying (¢ ® g) &% - .-
& to the both sides and using (10), one finds

Bylag] ® B30 ag] Qaox!® S = (0®a)er™ .. 52‘”(y®v) €B,® Byl agl
Setting

Opl ol ®ox! = Z®ueB,®Bylag]
(0®0) ... My ®@v) = (ay'?) ® (av'?)
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we have 2=0y? and i =cv'?. Thus #(ii) = t(ov'?). But we know #(il) =
H(ox') from Lemma 9 and #(ov'¥)=1¢(y) from Lemma 10. Therefore
Hox'?) =1(y), compelling y = ox'?> by Proposition 6. ||

To show (20) for the general choice B=B, ® --- ® B, , we prepare

Definition 11. Fors, s'eZ.,, b, b’ € B, and i€ I, we let the vertex

diagram
S % S,

b/
denote the relations
b’:éggi(b)_S)+ba s'=@;(b)+(s—e&i(b)) 4

Here / can be any positive integer but we do not exhibit it in the
diagram. The color i€/ is attached to the horizontal line. The diagram
should not be confused with the one representing the combinatorial R
matrix. Given i, (', s') is uniquely fixed from (b, s). Thus for example the
diagram

b, b, by
SO«I-}»SI#}»S2'..SN_I%SN
b} b5 by

is uniquely determined from s, i and b; ® --- ® b,. From Definition 11 it
implies

V@ - ®b’N:§§£i(bl®"'®bN)_SO)+(b1® - ®by) (29)
Having established Theorem 2 for B= B,, we already know that
Byulao]®B,5u®b S ob'P @ ou'” € B,® Byl ay]

under the isomorphism B,,® B,~ B,® B,, for M sufficiently large, where
u*®> @ pi*> =S8, S, (u®b) (0<k<d).

Proposition 12. Under the above stated setting, the following
diagram holds.
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b
1y (u) ——— 1, (ou!®)
piv>
ty(u) ——— ty(ou!®)
pl2>
.bld—1>
ty(u) o td(6”|d>)
pld>

Proof. By Definition 11 we are to check

> — pleF =) — ) plk—1>
T
t(ou?) = @, (D ™1) + (1(u) — &, (B¥ 1)) 4

for 1 <k <d. To show the former, set x =5 and apply (26) in ¢’ appearing
in (22). The left side of the latter reads

(28) (21) — _
tlou'®) E e, () F g, (> @bk 1)

U

2 9 B* D)+ (g (D) — e (D)
which is equal to the right side owing to (26). ||

Proofof (20) forB=B, ® --- ®B,,. Givenanyx=0,® --- ® byeB
and weBylag], set so,=t(u) (1<k<d). Let bj'.k>eB,j_, S; k€750
(1<k<d, 1<j<N) be the ones uniquely determined from the diagram:

by b, by
i i i
So,1 $1,1 Sp1 T SN—1,1 SN, 1
1> 1> 11>
by b, by
1 iy I
So,2 2 S1,2 2 Sp o T S8N—1,2 o SN, 2
b} b} by
ld—1 [d—1> |d—15
by b3 N
lq Iy 1y
So,d S1,d S2,da " SN—1,da | SN, 4

d d d
pl> bi> pl>
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By a repeated use of Proposition 12, one has

URL|® - @by S b @b ® - ®ablP @v
= (o5(b[° @ -+ ®DIP)) @

under the isomorphism B,,® B ~ B®& B,, with sufficiently large M. On the
other hand we introduce u’” ®x">:=S, ... S, (u®x)eByla,]® B.
(Although not necessary here, ve B,[a,] is uniquely determined from
Hv) =(Sy, 15 S, 4) by Proposition 6, and we already know that the result
coincides with v=ou'® from (19).) We are to show x¥ =" ® ... ®
b In fact, x> =bp>® .- ® %> can be proved by induction on k as
follows. (We set b\ ® --- @b’ =b,® --- ® by.) It is obvious for k =0.
From (29) we have

B ® - @B =2 un s (B @ .. @blD) (30)

where m=¢, (b}~ ® --- ®bK~"?). On the other hand, x"*” is deter-
mined from the recursion relation:

xlk} :é'g:ik(xlk—w)_¢ik(ulk—1>))+x|k_1> (31)

because of ¢, (u"*~'7) > 1. Note that ¢, (u*~"?) = 1;(u) =s¢, . Thus the

two recursion relations (30) and (31) lead to x*> =p®> ® ... @b%¥> under
the induction assumption x*~1> =plk- @ ... @ plk=1>. |

We have finished the proof of (20) for any B=B, ® --- ® B, , and
thereby the proof of Theorem 2.

Example 13. Consider §,= A" (d=3). The data in Table II reads
=a;=4—jmod 4 with i,€{0,1,2,3} and a,e{1,2,3,4}. To save the
space the element (x,, x,, X3, X4)=(3,2,1,0)€ By is denoted by 111223
for example. Then one has g(111223) = 112444 according to Table I.

Let us take h® c=111223 ® 344 € B¢ ® B; and seek its image under
the isomorphism R: B¢® B3 B;® Bs. It is known®" that R(b®c)=
223 ® 111344. This can be derived by taking N=1, M=6 and k=3 in
Theorem 2, which reads R=(c®oc) PS,S5S,. Namely we may regard
b®ceBy[1]® B;, where M =6 and x; =3 for b are already sufficiently
large so that



858 Hatayama, Kuniba, and Takagi

b®c=111223® 344 -2, 112234 ® 344
3, 112234 @ 334
2,5 112224 ® 334
25 334@ 112224 227, 223 @ 111344 = R(h @ ¢)

For comparison, take a smaller example R(11223® 344)=223® 11344 ¢
B;® Bs. Theorem 2 is not applicable in this case under any choice of k
because S;(11223®344)=11223®344 for any ie€{0,1,2,3} and
(e®a) P(11223®344) =233 ® 11244 %223 ® 11344.

4. CELLULAR AUTOMATA

The factorization of the combinatorial R matrix shown in Theorem 2
induces the factorization of the time evolution of the associated cellular
automaton. Consider the isomorphism

By® (- ®B,®B) ® - )3(- @B,®B, ® - )®By

T+1

induced by the successive application of combinatorial R matrix B,,® B =~
B,j@BM. We impose the boundary condition on bjeB,j as bj=5,j[ak] for
|jl>>1, where the choice of keZ is arbitrary. Assume the following
properties:

(i) Oplar]l®9,[a ] = 0[ar] @yl a;] for any M, 1,
(i) u®d,[a]®0, [a]® - ®3, [a] S5® - ©F, v®
Oyl a,] for any ue B,, if N is sufficiently large,

where 75,},@ ®5,},+N is some element in Blj® @B,HN. ((1) 1s indeed
valid by the weight reason.) Then under the isomorphism B,,®( --- ®B’/
®Blj+1® ) (e ®sz®31j+1® - )® By,

Oplar]® (- ®bj®bj+1® ) B(e ®b}®b}+1® <) @0yl ]
(32)

is valid for some b;’s. One may regard the system as an automaton which
undergoes the time evolution p=--- ®b;®b;, | ® --- =>p'=--- Qb;®
b;11® ---. When M gets large, the transformation p+ p’ stabilizes to a
certain map, which we denote'® by T'(p)=p'. By taking B= --- ® B, ®
sz+1® .-+ in Theorem 2 and using (6), (11) we obtain ’
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Corollary 14. Under the boundary condition b, —5,[ak] eB,, for

|/l >>1, the time evolution T acts on B= - ®BI®BI]+1® ... as
T! = O-%Sikwd” Slk+zS’k 1 if 125
oS, Sy S if teZ_y
+td+1 k—1

Actually all the Weyl group operators S; for >0 (resp. 1 <0) in the
above act as S, =y (resp. S; =7 max) on B since they always hit such
states pe B that & ( p) > 1 (resp ®; (p)>>1). Corollary 14 exhibits a fac-
torization of the time evolution of the automaton having the background
(vacuum) configuration --- ®0J,[a,]®0J;, [a]® --- specified by keZ.
When the partial factor S; S;  ---S;  (k+d>m=k+1)in Tis applied,
the background, hence the boundary condition, changes into --- ® 5,}, [a,.]
®51j SLan]® - according to (9). A generalization of T that does not
change the background in every intermediate step is constructed as follows:

T=0pmSy Sy Su.  mk+1
OB k,m=— ®O-km®o-km®"' (33)
S’k+1S’k+2 “S"m

where o, ,, acts on each component B, of the tensor product. We under-
stand 7, =id. For any m=k, the operator 7,, retains the background in
the original form - ®5,}_[ak] ®5,}_+1[ak] ® --- due to (9). Moreover from
Corollary 14 we find that the original evolution under f-time step T is
included in {7,,} as T'= 7, ,, (t=0). For A" the evolution of the state
p according to p =7 (p), Tk +1(P)s Ty +2(P),... agrees with that obtained by
the ball-moving algorithm in the box-ball systems>* 2527 ynder a conven-
tion adjustment. In particular for 4", the evolution rule in terms of the
Dyck language®® essentially agrees with the crystal theoretic signature rule
in applying S;=é* or f?‘a" (i=0,1) explained in Section 1.3 of the
reference.'®

Example 15. Consider §,=A4 (d=35). To save the space the ele-
ment (X, X,, X3, X3, X5, X;) = (2, 1,2 1,0,1)e B, is denoted by 1123331
for example. Let us take k=0, hence the initial background is

. ®5,j[§] ®5’/+1[§] ® ---. We employ is,.., i; =2,0,1,2,3 and as,..., a,

=3,2,1,2,3, 3 correspondingly. Take
..33.12.3.31.2.33.33...
. ®Bz®Bz®Bl®Bz®B1®Bz®Bz®
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where - stands for ® and ... parts on the both ends represent the con-
figuration identical with the background. Then the time evolution (32) is
given by

T(p)=---33-33-1.32.1-23.33...

According to Corollary 14, the evolution is decomposed into the following
steps.

p=---33.12.3.31.2.33.33-..
Sy(p)=---33-12.3.31-2.33.33...
S,84(p)=---22-13.2.31.2.33.22...
S,8,8(p)=---11-13.2.32.1-33.11 --.
S0S18,84(p)=---22-32-1-32-1-33.22..
S,808,S,S5(p)=---33-33-1-32-1.23.33
055,505,5,8:(p)=---33-33.1.32.1-23.33... =T(p)

where in the last step we used the fact that o, interchanges the letters 1 and
1 in each component as specified in Table I. Here the background con-
figuration is changing except the last step.

Alternatively the evolution may also be decomposed according to (33)
into the following steps, in which the original background --- ® ¢ ; [31®
5,]_“[3] ® --- is kept unchanged.

p=7y(p)=---33-12.3.31.2.33.33 ...
7(p)=---33-12.3.31.2.33.33...
7Z,(p)=---33-12.3.21-3.22.33 ...
Ty(p)=---33-32.1.21-3.22.33...
Tp)=---33-32.1.32.1.22.33...
Ty(p)=---33-33.1-32.1.23.33... =T(p)

Regarding 3 as empty space in a box, one can interpret the above pat-
terns as a motion of particles and anti-particles which can form a neutral
(weight 0) bound state. We hope to report on the explicit algorithm for
general g, elsewhere.
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A. PARAMETERIZATION OF B,

We list the parameterization of the crystal B,. In 4" case, it may be
identified with the set of semistandard Young tableaux of length / one row
shape on letters {1,.,n+1}. For the other §,, B, may be viewed as a
similar set with some additional constraints. The relevant letters are
{1,..,n, .., 1} as well as 0 and/or J depending on §,. The crystal struc-
ture (actions of &, f;) can be found in the article” for C(" and the

ones!® 12 for the other §,,.

AL B, = {(xl,..., X, 1) €EZ" !

n+1
x; =0, Z xi:l}
i=1

2 . = = 2
A(Zn)—l' Bl= {(xl geees KXo Xppaeees xl) € Z "

X X; 20, Z (xi+xi) =l}

2). = = 2 =
AR): Blz{(xl,..., Xy X X1) EZ?" | X;, X,

Y,
N

I M s
=
+
Rall
N

We set xo=/—>"_, (x;+ X;).

B: B, = {(xl,..., Xps X0 Xpoees X1) €22 x {0, 1}

xo=0o0rl, x;, x; >0, }
Xo+ 27, (xi+x;)=1

L %,>0,
Xy Xy) € 22| 0T ) }
237 (x;+x;)el—-2Z

ns

c: B, = {(xl,..., X

We set xo=(/—>"7_,; (x;+ X;))/2.

n

_ _ x,=0o0rx,=0,x;, x,=0,
Dﬁl”:B,:{(xl,...,x,,,x,,,...,xl)eZZ" " ) 11 i }
P (x4 X)) =
i=1 i i

D? :B,= {(xl,..., Xps Xg» Xpoees X1) € 27" x {0, 1}

n+1-

xo=0o0rl, x;, x;=0 }
Xo+ 27 (+x) <!

We set xg=1—x—27_; (X;+X;).
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